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A PARAMETRIZED COMPACTNESS THEOREM UNDER BOUNDED
RICCI CURVATURE
XIANG LI AND SHICHENG XU
ABSTRACT. We prove a parametrized compactness theorem onmanifolds of bounded
Ricci curvature, upper bounded diameter and lower bounded injectivity radius.
1. INTRODUCTION
The goal of this paper is to study the parametrized compactness of non-collapsed
manifolds of bounded Ricci curvature. Let us first recall the Cheeger-Gromov’s
convergence and compactness theorem ([3, 5, 11], cf. [10, 19, 15]), which says
that the set푛
푅푚
(휆, 푣,퐷) of Riemannian 푛-manfolds whose sectional curvature is
bounded by 휆, volume is bounded from below by 푣 > 0 and diameter is bounded
from above by 퐷, is precompact in the 퐶1,훼-topology. Later the 퐶1,훼-compactness
was generalized by Anderson [1] to manifolds of two-sided bounded Ricci curva-
ture and lower bounded injectivity radius. Let푛
푅푖푐
(휆, 휌,퐷) be the set, endowed
with the Gromov-Hausdorff distance 푑퐺퐻 , that consists of Riemannian 푛-manifolds
whose Ricci curvature is bounded by 휆, injectivity radius is bounded below by
휌 > 0, and diameter is bounded above by 퐷.
Theorem 1 (Anderson [1]). 푛
푅푖푐
(휆, 휌,퐷) is precompact in the 퐶1,훼-topology,
in the sense that any sequence (푀푖, 푔푖) ∈ 푛푅푖푐(휆, 휌,퐷) admits a subsequence
(푀푖1 , 푔푖1)whose 푑퐺퐻 -limit is isometric to a 퐶
1,훼-Riemannian manifold (푀, 푔), and
there are diffeomorphisms 푓푖1 ∶ 푀 → 푀푖1 for all sufficient large 푖1 such that the
pullback metric 푓 ∗
푖1
푔푖1 converges to 푔 in the 퐶
1,훼 topology.
Our main result is a parameterized version of Theorem 1. Let 푓 ∶ (푀, 푔) →
(푁,ℎ) be a submersion between Riemannian manifolds. The 푓 -vertical (resp. hor-
izontal) distribution 푓 (resp. 푓 ) consists of vectors tangent (resp. perpendicular)
to fibers. The second fundamental form 퐼퐼푓 of 푓 -fibers is defined on the 푓 -vertical
distribution 푓 by
퐼퐼푓 ∶ 푓 (푥) × 푓 (푥)→ 푓 (푥), 퐼퐼푓 (푇 , 푇 ) = (∇푇 푇 )⟂|푥.
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The integrability tensor 퐴푓 associated to a submersion 푓 is defined on the 푓 -
horizontal distribution 푓 by
퐴푓 ∶ 푓 (푥) ×푓 (푥)→ 푓 (푥), 퐴푓 (푋, 푌 ) = [푋, 푌 ]⊤|푥 ∈ 푓 (푥).
A submersion 푓 ∶ (푀, 푔) → (푁,ℎ) is called a 훿-Riemannian submersion if there
is 훿 ≥ 0 such that for any horizontal vector 푣 ∈ 푓 ,
푒−훿|푣| ≤ |푑푓 (푣)| ≤ 푒훿|푣|. (1)
Let 푚,푛
푅푖푐
(훿, 휆, 휇, 휌,퐷) be the set that consists of any 훿-Riemannian submersion
푓 ∶ (푀, 푔) → (푁,ℎ) such that (푀, 푔) ∈ 푚
푅푖푐
(휆, 휌,퐷), (푁,ℎ) ∈ 푛
푅푖푐
(휆, 휌,퐷),
and the 퐶0-norm of 퐼퐼푓 and 퐴푓 is bounded by 휇, i.e.,
max{|퐼퐼푓 |, |퐴푓 |} ≤ 휇. (2)
A (not necessarily continuous) map 퐹 ∶ (푋, 푑푋) → (푌 , 푑푌 ) is called an 휖-Gromov-
Hausdorff approximation (briefly 휖-GHA), if
|푑푌 (퐹 (푥), 퐹 (푥′)) − 푑푋(푥, 푥′)| < 휖 for any 푥, 푥′ ∈ 푋, and 푓 (푋) is 휖-dense in 푌 .
For any two maps in 푚,푛
푅푖푐
(훿, 휆, 휇, 휌,퐷), 푓푖 ∶ (푀푖, 푔푖) → (푁푖, ℎ푖) (푖 = 1, 2), we say
that they are 휖-close in the Gromov-Hausdorff topology if there is a pair of 휖-GHAs,
휙 ∶ (푀1, 푔1) → (푀2, 푔2) and 휓 ∶ (푁1, ℎ1) → (푁2, ℎ2), such that
푑(휓◦푓1, 푓2◦휙) = sup
푥∈푀1
푑ℎ2 (휓◦푓1(푥), 푓2◦휙(푥)) ≤ 휖.
Theorem A. Given 푚, 휆, 휇, 휌 > 0, there are constants 훿0(푚, 휆, 휇, 휌) > 0 and
휖0(푚, 휆, 휇, 휌) > 0, such that for any 0 ≤ 훿 < 훿0 and 0 < 휖 < 휖0, if two ele-
ments 푓푖 ∶ (푀푖, 푔푖) → (푁푖, ℎ푖) ∈ 푚,푛푅푖푐 (훿, 휆, 휇, 휌,퐷) (푖 = 1, 2) are 휖-close in the
Gromov-Hausdorff topology, then there exits a pair of diffeomorphisms (Φ,Ψ) such
that Φ ∶ (푀1, 푔1) → (푀2, 푔2) is 푒
휘(훿,휖)-bi-Lipschitz, Ψ ∶ (푁1, ℎ1) → (푁2, ℎ2) is
푒휘(휖)-bi-Lipschitz, and Ψ◦푓1 = 푓2◦Φ.
In Theorem A 휘(훿, 휖) = 휘(훿, 휖 |푚, 휆, 휇, 휌), where (and hereafter) 휘(푎, 푏 | 푐,…)
is to denote a positive function in 푎, 푏, 푐,… such that after fixing the other param-
eters, 휘(푎, 푏) = 휘(푎, 푏 | 푐,…)→ 0 as 푎, 푏→ 0.
Remark 1. In general Φ∗푔2 may be not 휘(휖)-close to 푔1 as 휖 → 0 for 훿-Riemannian
submersions with 훿 ≠ 0. For example, a 훿-Riemannian submersion 푓 ∶ 푆1×푆1 →
푆1, 푓 (휃1, 휃2) = 휃2 + 휏(휃2) could be arbitrary close to the canonical projection
(휃1, 휃2) ↦ 휃2 such that (2) holds with휇 = 0, while the퐶
0-norm |휕2푓 |퐶0 ≥ 1+훿0∕2.
Then Φ is given by (휗1, 휗2) = Φ(휃1, 휃2) = (휃1, 푓 (휃1, 휃2)), and Φ
∗(푑휗2
1
+ 푑휗2
2
) is
definite away from 푑휃2
1
+ 푑휃2
2
. Therefore, the conclusion of Theorem A for 훿-
Riemannian submersions with 훿 > 0 is sharp.
Remark 2. If instead of (2), 푓푖 satisfies a stronger assumption that the second fun-
damental form of 푓푖 admits a uniform bound, i.e.,|∇2푓푖| ≤ 휇, (3)
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then it can be seen that the conclusion of Theorem A holds for any 훿 ≥ 0 and
sufficient small 휖 ≤ 휖1(푚, 훿, 휇, 휌) such that Φ∗푔2 and 푔1 are 휘(휖)-close in the 퐶0,훼-
norm.
Remark 3. A partial motivation to consider 훿-Riemannian submersions is that they
naturally arise as a manifold is collapsed under bounded sectional curvature (cf. [8,
9, 4]). We actually prove the diffeomorphic stability in TheoremA for 훿-Riemannian
submersions whose total spaces are allowed to be collapsed under bounded Ricci
curvature, such that the conjugate radius has a positive lower bound, and the bound
in (2) blows up at the rate proportional to 휖−1; see Theorem 4. A stability result
(Proposition A.2.2 in [4]) for 훿-Riemannian submersions with higher regularities|∇푗푓 | ≤ 휇푗 was proved and applied in Cheeger-Fukaya-Gromov’s construction [4]
of the nilpotent Killing structure on manifolds of bounded sectional curvature. Sim-
ilar techniques in this paper can be applied to study the stability of푁-structures on
a collapsed manifold; see [13].
By Theorem A, 푚,푛
푅푖푐
(훿, 휆, 휇, 휌,퐷) with 훿 < 훿0 contains only finitely many dif-
feomorphic isomorphism classes of fiber bundles. In general the limit of a sequence
of 훿-Riemannian submersions, however, is only an 푒훿-Lipschitz-co-Lipschitz map
(briefly, LcL) that may not be smooth. Recall that (cf. [24]) for any 푄 ≥ 1, a map
푓 ∶ (푋, 푑푋) → (푌 , 푑푌 ) between metric spaces is called 푄-LcL if
퐵푄−1푟(푓 (푥)) ⊂ 푓 (퐵푟(푥)) ⊂ 퐵푄푟(푓 (푥)), ∀ 푥 ∈ 푋, 푟 > 0.
A 1-LcL is called a submetry (cf. [2]). Clearly, a proper submersion 푓 ∶ (푀, 푔)→
(푁,ℎ) is a 훿-Riemannian submersion if and only if it is 푒훿-LcL.
By Theorem A, if 푓1, 푓2 ∈ 푚,푛푅푖푐 (휆, 휇, 휌,퐷) = 푚,푛푅푖푐 (0, 휆, 휇, 휌,퐷) are Riemann-
ian submersions that are 휖-close to each other, then the pullback metric Φ∗푔2 is휘(휖)-close to 푔1 in the 퐶0-norm and Ψ∗ℎ2 is 휘(휖)-close to ℎ1 in the 퐶1,훼-norm.
Base on this, we are able to prove that the limit map of Riemannian submersions
in 푚,푛
푅푖푐
(휆, 휇, 휌,퐷) is also smooth. Therefore, as a parametrized version of Theo-
rem 1, the 퐶0-convergence and compactness holds for Riemannian submersions in
푚,푛
푅푖푐
(휆, 휇, 휌,퐷).
Corollary 1. The set 푚,푛
푅푖푐
(휆, 휇, 휌,퐷) is precompact in the sense that any sequence
of Riemannian submersions, 푓푖 ∶ (푀푖, 푔푖) → (푁푖, ℎ푖), admits a subsequence 푓푖1
that converges to a smooth Riemannian submersion 푓 ∶ (푀, 푔)→ (푁,ℎ) between
퐶1,훼-Riemannian manifolds, and there are diffeomorphismsΦ푖1 ∶ 푀 →푀푖1 ,Ψ푖1 ∶
푁 → 푁푖1 for all sufficient large 푖1 such that Ψ푖1◦푓 = 푓푖1◦Φ푖1 , and the pullback
metric Φ∗
푖1
푔푖1 converges to 푔 in the 퐶
0-norm.
Remark 4. It is interesting to ask whether the diffeomorphisms in Corollary 1 can
be chosen for Riemannian submersions such that the convergence of pullback met-
rics is in the 퐶0,훼-norm, which is the best that one can expect in general (cf. the
expression of Φ in Remark 1).
The regularity condition (2) is redundant for Riemannian submersions between
manifolds of bounded sectional curvature in 푛
푅푚
(휆, 푣,퐷). Indeed, because any
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Riemannian submersion 푓 ∶ (푀, 푔) → (푁,ℎ) can be expressed via distance co-
ordinates on (푁,ℎ) such that each component is a distance function to a 푓 -fiber
(see [20], [14], [23]), it follows easily from the Hessian comparison and 퐶1,훼-
compactness that |∇2푓 | depends only on the lower bound of sectional curvature
of (푀, 푔) and the injectivity radius of (푁,ℎ) (cf. [2]). Let 푚,푛
푅푚
(휆, 푣,퐷) be the set
consisting of all Riemannian submersions between manifolds in푚
푅푚
(휆, 푣,퐷) and
those in푛
푅푚
(휆, 푣,퐷). By Remark 2, we conclude the following 퐶0,훼-convergence
and compactness of 푚,푛
푅푚
(휆, 푣,퐷).
Corollary 2. The set 푚,푛
푅푚
(휆, 푣,퐷) is precompact in the 퐶0,훼-topology, in the sense
of Corollary 1 such that the pullback metric converges in the 퐶0,훼-norm.
Remark 5. Corollary 2 improves a diffeomorphic finiteness of those Riemannian
submersions in 푚,푛
푅푚
(휆, 푣,퐷) proved by Tapp [25] (cf. [26]), where the base spaces
were required to be simply-connected. Tapp’s proof was based on a diffeomorphic
finiteness of Riemannian submersions with bounded 푇 -tensor and 퐴-tensor ([16]),
which is equivalent to (2), proved in [27] (as corrected in [28]) under a different
setting where the base spaces and a fiber are of finite diffeomorphism types and
bounded sectional curvature.
In contrast to the diffeomorphic stability, the homeomorphic stability/finiteness
in Corollary 2 is well known and extensively studied in more general settings.
As observed by Kapovitch [14], Perelman’s parameterized stability theorem [17],
which plays an essential role in the proof of his stability theorem [17, 14], directly
implies the homeomorphic compactness of 1-LcL maps (i.e., submetries) from
non-collapsed Alexandrov spaces with curvature bounded below to non-collapsed
Riemannian manifolds of bounded sectional curvature. In particular, it covers the
homeomorphic compactness of Riemannian submersions proved by Wu [29] and
Tapp [26]. Similar parameterized stability under lower bounded (sectional) curva-
ture was extended to 훿-Riemannian submersions in [24].
Theorem 2 ([24]). There is 훿0(푚, 푣, 휌,퐷) > 0 such that for any two 훿0-Riemannian
submersions 푓푖 ∶ (푀푖, 푔푖) → (푁푖, ℎ푖) (푖 = 1, 2) whose dimension, sectional curva-
ture, volume and injectivity radius
dim푀, dim푁 ≤ 푚, sec(푀푖, 푔푖), sec(푁푖, ℎ푖) ≥ 휆 > 0,
vol(푀푖, 푔푖) ≥ 푣 > 0, inj. rad(푁푖, ℎ푖) ≥ 휌 > 0,
if 푓1 and 푓2 are 휖-close in 푑퐺퐻 , then there is a pair of homeomorphisms (Φ,Ψ)
such that Ψ and Ψ are 휘(훿0, 휖|푚, 푣, 휌,퐷)-GHAs satisfying Ψ◦푓1 = 푓2◦Φ.
We refer to [24, 23] formore stability results about 푒훿-LcLmaps and 훿-submetries
(weaker than LcL, see [23]) with certain regularities.
Compared with Theorem 2, the regularity condition (2) on 퐼퐼푓 and 퐴푓 in The-
orem A is naturally required in order to derive the diffeomorphisms. We do not
know, however, whether the homeomorphic stability in Theorem A holds without
assuming that |퐼퐼푓 | and |퐴푓 | are bounded.
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The conclusion of Theorem A would fail if the regularity conditions (1) and (2)
are removed. For example, let us consider the collection  of isomorphism classes
of circle bundles from 푀 = 푆2 × 푆3 to 푁 = 푆2 × 푆2, then it contains infinitely
many pairwisely non-isomorphic circle bundles, which are represented by elements
(푝, 푞) in the cohomology 퐻2(푆2 × 푆2,ℤ) ≅ ℤ ⊕ ℤ, with 푝, 푞 co-prime integers.
By Theorem A, for the metrics on 푆2 ×푆3 and 푆2 ×푆2 lying in푛
푅푖푐
(휆, 휌,퐷), the
maps in  cannot be (uniformly) 훿-Riemannian submersions such that (2) holds.
Our proof also yields an equivariant version of Theorem A. Let퐺 be a Lie group
acting on푀 and 푁 respectively. A map 푓 ∶ 푀 → 푁 is called 퐺-equivariant if
푓◦푔(푥) = 푔◦푓 (푥), for ∀ 푔 ∈ 퐺, ∀ 푥 ∈ 푀.
Theorem 3. Let the assumptions be as in Theorem A. If in addition, there is a
Lie group 퐺 acting isometrically on (푀푖, 푔푖) and (푁푖, ℎ푖) respectively such that
each 푓푖 is퐺-equivariant, and the closeness of 푓푖 measured by equivariant Gromov-
Hausdorff distance is no more than 0 ≤ 휖 < 휖0(푚, 휆, 휇, 휌), then the diffeomorphisms
Φ,Ψ in the bundle isomorphism can be chosen 퐺-equivariant.
The difficulty in proving Theorem A is the lack of regularity. As mentioned ear-
lier in Remark 2, if one assumes that (3) holds, then the conclusion of Theorem A
easily follows from earlier known results. Indeed, by Theorem 1 the almost Rie-
mannian submersions 푓푖 in TheoremAcould be easily reduced to those between two
fixed Riemannian manifolds. Moreover, by the 퐶1,훼-convergence and |∇2푓푖| ≤ 휇,
one may assume without loss of generality that 푓1 and 푓2 are 휘(휖)-퐶1-close, i.e.,|푃◦ d푓1 − d푓2| ≤ 휘(휖 |휇, 휌, 푚), (4)
where 푃 ∶ 푇푓1(푥)푁 → 푇푓2(푥)푁 is the parallel transport on (푁,ℎ). It is well
known that if two fibrations 푓푖 ∶ 푀 → 푁 (푖 = 1, 2) are sufficiently 퐶
1-close,
then one of them can be deformed onto the other by isotopies (cf. Proposition
A.2.2 in [4]). Therefore, for any (not necessarily small) 훿 ≥ 0 Theorem A holds
for 훿-Riemannian submersions in 푚,푛
푅푖푐
(훿, 휆, 휇, 휌,퐷), provided that |∇2푓 | admits a
uniform upper bound.
However, the almost Riemannian submersions 푓1 and 푓2 in Theorem A gen-
erally are not 휘(휖)-퐶1-close; see Remark 1. Hence the argument in the previous
paragraph fails. Instead of the 퐶1-closeness, we will prove certain weaker regu-
larity between 푓1 and 푓2. That is, after identifying 푀1 and 푀2 (resp. 푁1 and 푁2)
by diffeomorphisms provided by Theorem 1, the 푓푖-vertical distributions 푓푖 are휘(훿, 휖)-close to each other; see Proposition 1. Then we are able to prove that the
bundle map constructed via horizontal lifting curves (see (8)) is a diffeomorphism
without knowing that |푃◦ d푓1 − d푓2| is small.
The remaining of the paper is organized as follows. In Section 2 we reduce the
proofs of Theorem A to a technical Theorem 4, where the total space is allowed
to be collapsed and the bound in (2) blows up at the rate of closeness of 푓푖. In
Section 3 we prove Theorem 4 by assuming Proposition 1, which asserts that under
the assumptions of Theorem 4, if two 휖-Riemannian submersions are 휖-close, then
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their vertical distributions are 휘(휖)-close. The proof of Proposition 1 is given in
Section 4. In Section 5 we prove a crucial estimate in proving Proposition 1, which
clarifies how the deviation of two curves tangent at the same start point depends on
their geodesic curvature explicitly at a definite time.
2. PROOF OF THEOREM A
Let 푓푖 ∶ (푀푖, 푔푖) → (푁푖, ℎ푖) (푖 = 1, 2) be two 훿-Riemannian submersions in
Theorem A. By Theorem 1, we may assume that 푀1 and 푀2 (respectively, 푁1
and푁2) are diffeomorphic with each other. Then the existence of diffeomorphisms
Φ,Ψ in Theorem A is reduced to the following technical theorem, whose condition
is weaker than Theorem A.
Theorem 4. Given positive real numbers 푐0, 푟0 and a positive integer 푚 ∈ ℕ
+,
there is 휖0(푐0, 푟0, 푚) > 0 such that for all 0 ≤ 휖 < 휖0(푐0, 푟0, 푚) the following holds.
Let 푓푖 ∶ (푀, 푔) → (푁,ℎ) (푖 = 1.2) be two 휖-Riemannian submersions between
connected closed Riemannian manifolds whose dimension ≤ 푚, Ricci curvature,
conjugate radius and injectivity radius satisfy|Ric(푀, 푔)| ≤ 1, conj. rad(푀, 푔) ≥ 푟0;|Ric(푁,ℎ)| ≤ 1, inj. rad(푁,ℎ) ≥ 푟0.
Assume that
(4.1) 푓1 and 푓2 are 휖-close, i.e., 푑ℎ(푓1, 푓2) ≤ 휖, and
(4.2) 퐼퐼푓푖 , 퐴푓푖 satisfy the following rescaling invariant control,|퐼퐼푓푖| ⋅ 푑ℎ(푓1, 푓2) ≤ 푐0, |퐴푓푖| ⋅ 푑ℎ(푓1, 푓2) ≤ 푐0.
Then there is a diffeomorphismΦ ∶ 푀 →푀 that is a bundle isomorphism between
fiber bundles (푀,푁, 푓1) and (푀,푁, 푓2), i.e., 푓2◦Φ = 푓1, such that for any 푥 ∈ 푀
and any vector 푣 ∈ 푇푥푀 ,
푒−휘(휖,푐0|푟0 ,푚) ⋅ |푣| ≤ | dΦ(푣)| ≤ 푒휘(휖,푐0|푟0 ,푚) ⋅ |푣|. (5)
Let us prove Theorem A and Corollary 1 by assuming Theorem 2.1.
Proof of Theorem A.
Let 푓푖 ∶ (푀푖, 푔푖) → (푁푖, ℎ푖) be two 훿-Riemannian submersion that are 휖-close in
Gromov-Hausdorff distance. That is, there are 휖-GHAs 휙 ∶ (푀1, 푔1) → (푀2, 푔2)
and 휓 ∶ (푁1, ℎ1) → (푁2, ℎ2) such that 푑(휓◦푓1, 푓2◦휙) ≤ 휖. By Theorem 1, 휙
and 휓 can be replaced by diffeomorphisms, denoted still by 휙 and 휓 , such that
the pullback metrics 휙∗푔2 and 휓
∗ℎ2 are 휘(휖)-퐶1,훼-close to 푔1 and ℎ1 respectively.
Because after a small 퐶1,훼-perturbation on the metric, 푓푖 is still an 훿-Riemannian
submersion that satisfies (2) (with 훿 changing a little), we assume that, without
loss of generality, 푓̂1 = 휓◦푓1 and 푓̂2 = 푓2◦휙 are two 훿-Riemannian submersions
푓̂푖 ∶ (푀, 푔1)→ (푁,ℎ2) such that 푑ℎ2 (푓̂1, 푓̂2) ≤ 휖.
Now by Theorem 4, for 0 ≤ 훿 < 휖0(푐0, 휌, 푚) with 푐0 = 휇휖, there is a diffeomor-
phism Φ1 ∶ 푀1 → 푀1 such that 푓̂2◦Φ1 = 푓̂1, and Φ1 is 푒
휘(훿,휇휖)-bi-Lipschitz. Let
Φ = 휙◦Φ1 and Ψ = 휓 , then
푓2◦Φ = (푓2◦휙)◦Φ1 = 푓̂2◦Φ1 = 푓̂1 = Ψ◦푓1.
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If 푓푖 are Riemannian submersions, then by (5), dΦ1 is an 푒
휘(휖,휇휖)-almost isometry,
which implies that Φ∗푔2 is 휘(휖)-퐶0-close to 푔1. 
Proof of Corollary 1.
By Theorem 1 and Arzelà-Ascoli theorem, any sequence of Riemannian sub-
mersion 푓푖 ∶ (푀푖, 푔푖) → (푁푖, ℎ푖) in 푚,푛푅푖푐 (휆, 휇, 휌,퐷) admits a subsequence, still
denoted by 푓푖, that converges to a submetry 푓 ∶ (푀, 푔∞) → (푁,ℎ∞) between
퐶1,훼-Riemannian manifolds. It suffices to translate the convergence 푓푖 → 푓 to a
convergence of metric tensors on 푀 with respect to a fixed smooth fiber bundle
projection.
By Theorem 1, we assume that for each 푖, (푀푖, 푔푖) = (푀, 푔푖) and (푁푖, ℎ푖) =
(푁,ℎ푖) such that 푔푖 (resp. ℎ푖) converges to 푔∞ (resp. ℎ∞) in the 퐶
1,훼-norm with
respect to 푔0. LetΦ푖,푗 be the diffeomorphism in Theorem A such that 푓푗◦Φ푖,푗 = 푓푖,
then the pullback metric Φ∗
푖,푗
푔푗 satisfies
|Φ∗
푖,푗
푔푗 − 푔푖|푔0 → 0, as 푖, 푗 → ∞,
and each 푓푗 can be represented by
푓0 ∶ (푀, (Φ푗−1,푗 ⋯◦Φ1,2◦Φ0,1)
∗푔푗)→ (푁,ℎ푗 ).
By passing to a subsequence, we may assume that
|Φ∗
푖,푖+1
푔푖+1 − 푔푖|푔0 ≤ 2−푖−1.
Then it is easy to see that (Φ푗−1,푗 ⋯◦Φ1,2◦Φ0,1)
∗푔푗 converges in 퐶
0-norm to 푔∞
as 푗 → ∞, such that the limit map 푓∞ coincides with the smooth submersion 푓0 ∶
(푀, 푔∞)→ (푁,ℎ∞). 
In the end of this subsection we give an elementary estimate on variations of
horizontal lifting curves of a submersion that will be used in the proof of Theorem
4.
Lemma 1. Let 푓 ∶ (푀, 푔)→ (푁,ℎ) be an 휖-Riemannian submersion.
(1.1) Let 훾 ∶ [0, 1] → 푁 be a minimal geodesic from 푝 to 푞 ∈ 푁 . Let 훾̃(푠, 푡) be
a variation in푀 such that 훾̃(푠, 0) lies in 퐹푝 = 푓
−1(푝), and 훾̃푠(⋅) = 훾̃(푠, ⋅) is
the horizontal lifting of 훾 . Then the variation field 휕̃푠 = 휕푠훾̃ satisfies
푒−푒
휖 |퐼퐼푓 |⋅푟|푣| ≤ |휕̃푠|(0, 1) ≤ 푒푒휖 |퐼퐼푓 |⋅푟|푣|,
where 푣 = 휕̃푠(0, 0) and 푟 = 푑(푝, 푞).
(1.2) Assume that | sec(푁,ℎ)| ≤ 1. Let 훼 ∶ (−훿, 훿) × [0, 1] → 푁 be a smooth
variation of geodesics 훼푠(⋅) = 훼(푠, ⋅) of length ≤ 휋2 . Let 훼̃ ∶ (−훿, 훿) ×
[0, 1] → 푀 be a lifting variation in 푀 such that 훼̃(⋅, 0) is a horizontal
lifting of 훼(⋅, 0) and 훼̃(푠, ⋅) the horizontal lifting of 훼(푠, ⋅) starting at 훼̃(푠, 0).
Then the variation field 휕̃푠 = 휕푠훼̃ satisfies that|휕̃⊤
푠
|(0, 1) ≤ 퐶(푎 + 푏)푒3휖+푒휖 |퐼퐼푓 |푟|퐴푓 |푟,
where 푎 = |휕푠훼|(0, 0), 푏 = |휕푠훼|(0, 1) and 푟 = length(훼0).
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Proof. We prove (1.1) first. Clearly, the variation vector field along 훾̃ satisfies that
휕̃푠 ∈ 퐹훾(푡) is vertical, 휕̃푡 = 휕푡훾̃ is horizontal, and |휕̃푡| ≤ 푒휖푑(푝, 푞) = 푒휖푟. By directly
calculation,
휕
휕푡
1
2
⟨
휕̃푠, 휕̃푠
⟩
= −
⟨
휕̃푡,∇휕̃푠 휕̃푠
⟩ ≤ ⟨휕̃푠, 휕̃푠⟩ ⋅ |퐼퐼| ⋅ 푒휖푟
which implies that ⟨
휕̃푠, 휕̃푠
⟩
(푡) ≤ ⟨휕̃푠, 휕̃푠⟩ (0) ⋅ 푒2푒휖푟|퐼퐼|푡.
Hence by writing 푣 = 휕̃푠(0, 0),|휕̃푠|(0, 1) ≤ 푒푒휖 |퐼퐼푓 |⋅푟|푣|.
The other side of the desired inequality follows from symmetry.
Next, we prove (1.2). By Rauch comparison for | sec | ≤ 1, the Jacobian field
휕푠훼 satisfies |휕푠훼| ≤ 푎(1 − 푡) + 푏푡 + (푎 + 푏)표(푟) (6)
Because 휕̃푡 ⟂ 휕̃
⊤
푠
and [휕̃푡, 휕̃
⊤
푠
+ 휕̃⟂
푠
] = 0, we derive⟨
∇휕̃푡 휕̃
⊤
푠
, 휕̃⊤
푠
⟩
=
⟨
∇휕̃⊤
푠
휕̃푡, 휕̃
⊤
푠
⟩
+
⟨[
휕̃푡, 휕̃
⊤
푠
]
, 휕̃⊤
푠
⟩
= −
⟨
휕̃푡,∇휕̃⊤
푠
휕̃⊤
푠
⟩
−
⟨[
휕̃푡, 휕̃
⟂
푠
]
, 휕̃⊤
푠
⟩
.
(7)
By (6) and (7), we conclude that for 푠 = 0,
|휕̃⊤
푠
|′(푡) ≤ 푒휖푟|퐼퐼||휕⊤
푠
| + 푒3휖|퐴|푟 [푎(1 − 푡) + 푏푡 + (푎 + 푏)표(푟)] .
By integration,
|휕̃⊤
푠
|(푡) ≤ 푒푒휖푟|퐼퐼|푡 ⋅ ∫
푡
0
푒3휖−푒
휖푟|퐼퐼|휏 [푎(1 − 휏) + 푏휏 + (푎 + 푏)표(푟)] 푑휏 ⋅ |퐴|푟.
Therefore |휕̃⊤
푠
|(0, 1) ≤ (푎 + 푏)퐶푒3휖+푒휖 |퐼퐼|푟|퐴|푟.

Remark 6. (1.2) can be viewed as an extension of Lemma 3.3 in [25] that was
adopted to a Riemannian submersion, where the 푇 -tensor and 퐴-tensor defined
by O’Neill [16] were used. Note that it is a standard fact (e.g., see [30]) that the
푇 -tensor and 퐴-tensor for a Riemannian submersion are equivalent to the second
fundamental form 퐼퐼푓 of fibers and the integrability tensor 퐴푓 of horizontal distri-
bution in this paper.
Remark 7. Because the lack of control on a Jacobi field from the upper bound of
Ricci curvature, the Rauch comparison theorem under lower bounded Ricci cur-
vature provided in [6] is not enough to derive (6) under |Ric(푁,ℎ)| ≤ (푛 − 1).
Therefore the estimate in (1.2) generally fails to hold if the curvature condition is
weakened to a Ricci curvature bound.
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3. PROOF OF THEOREM 4
From now on we are to prove Theorem 4. Let 푓푖 ∶ (푀, 푔) → (푁,ℎ) be 휖-
Riemannian submersions satisfying the assumptions of Theorem 4. A bundle map
Φ can be defined naturally as follows. For small 0 ≤ 휖 ≤ 푟 < inj. rad(푁,ℎ) and for
any 푥 ∈ 푀 , let 푝 = 푓1(푥) and 푞 = 푓2(푥), then the image of the bundle map Φ(푥) is
defined by
Φ(푥) = 훾̃푥(1), (8)
where 훾̃푥 ∶ [0, 1] → 푀 is the 푓2-horizontal lifting curve of the unique geodesic
훾푥 ∶ [0, 1] → 푁 from 훾푥(0) = 푞 = 푓2(푥) to 훾(1) = 푝 = 푓1(푥). Then 훾̃푥(푡) ∈
푓−1
2
(훾푥(푡)) depends smoothly on 푥. Hence, the map Φ together with the homotopy
퐻 ∶ [0, 1] × 푀 → 푀 , 퐻(푡, 푥) = 훾̃푥(푡), are smooth maps such that Φ = 퐻1
is homotopic to 퐻0 = Id푀 , and Φ is a bundle map, i.e., 푓2◦Φ = 푓1. If dΦ is
isomorphic at every point 푥 ∈ 푀 , then Φ is a covering map from 푀 to itself
homotopic to the identity, and hence a diffeomorphic bundle map.
We first give a sufficient and necessary condition for that dΦ is an isomorphism.
Let 휑 ∶ 푓−1
2
(퐵푟(푝)) → 퐵푟(푝) × 푓
−1
2
(푝) be a local trivialization of 푓2 centered at
푓−1
2
(푝), which is defined by
휑 = (푓2(푥), 휑2(푥)) = (푓2(푥), 훾̃푥(1)), for any 푥 ∈ 푓
−1
2
(퐵푟(푝)), (9)
where 훾̃푥 ∶ [0, 1] → 푀 is the 푓2-horizontal lifting as in the construction of Φ
above. Then by definitions (8) and (9),
Φ(푥) = 휑2(푥), for any 푥 ∈ 푓
−1
1
(푝). (10)
Lemma 2. dΦ is isomorphic at 푇푥푀 if and only if the 푓1-vertical distribution at 푥,푓1(푥), is transversal to the radially horizontal slice 푆휑2(푥) = 휑−1(퐵푟(푝) × 휑2(푥)),
i.e., d휑2(푤) ≠ 0 for any 푤 ∈ 푓1(푥) ≠ 0.
Proof. First, if dΦ(푤) = 0 for some 0 ≠ 푤 ∈ 푇푥푀 , then 푤 ∈ 푓1(푥). Indeed,
if 푤 ∉ 푓1(푥), then d푓2◦ dΦ(푤) = d푓1(푤) ≠ 0, which implies that dΦ(푤) ≠ 0.
Secondly, by (10), dΦ|푓1 (푥) = d휑2|푓1 (푥). Therefore for any 푤 ∈ 푓1(푥), dΦ(푤) =
0 if and only if d휑2(푤) = 0, i.e., 푤 is tangent to the slice 푆휑2(푥). 
The key estimate in proving that dΦ is an isomorphism is the following closeness
of 푓푖-vertical distributions.
Proposition 1. Under the assumption of Theorem 4, the vertical subspaces 푓1(푥)
and 푓2 (푥) are close in 푇푥푀 in the sense that the dihedral angle between the sub-
spaces 푓1(푥) and 푓2(푥) ≤ 휘(휖 | 푐0, 푟0, 푚).
The dihedral angle between 푓1(푥) and 푓2(푥) is defined to be the Hausdorff
distance 푑퐻 (푓1 (푥) ∩ 푇 1푥푀,푓2 (푥) ∩ 푇 1푥푀) in the unit sphere 푇 1푥푀 ⊂ 푇푥푀 . The
proof of Proposition 1 is left to the next section.
Remark 8. We do not know whether 푓1 and 푓2 in Theorem 4 are 휘(휖)-퐶1-close in
the sense of (4), mainly due to the lack of control on the twist of 푆휑2(푥). It should
be pointed out that the 퐶1-closeness (4) was crucial to the earlier proofs in [18]
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(cf. [27, 28]) of (parametrized) diffeomorphic finiteness under bounded sectional
curvature.
By assuming Proposition 1, we continue the proof of Theorem 4.
Proposition 2. The estimate (5) holds for the bundle map Φ ∶ 푀 →푀 defined in
(8), provided that | sec(푁,ℎ)| ≤ 1.
Proof. Firstly, let us prove that (5) holds for any 푓1-vertical unit vector 푣 ∈ 푓1(푥).
By the definition ofΦ, dΦ|푓1 (푥) = d휑2|푓1 (푥). Hence it suffices to estiamte d휑2(푣).
Let 푣 = 푣⊥ + 푣⊤ be the orthogonal decomposition of 푣 such that 푣⊥ ∈ 푓2(푥) and
푣⊤ ∈ 푓2(푥). By Proposition 1,
|푣⊥| ≤ 휘(휖), |푣⊤| ≥ √1 − 휘2(휖). (11)
At the same time, it follows from (1.1) and (1.2) in Lemma 1 that| d휑2(푣⊤)| ≥ 푒−푐0푒휖 |푣⊤|, | d휑2(푣⟂)| ≤ 퐶푒3휖+푒휖푐0푐0 ⋅ |푣⟂|, (12)
where 퐶 is a universal constant. Combing (11-12), we derive
| dΦ(푣)| = | d휑2(푣)| ≤ | d휑2(푣⊤)| + | d휑2(푣⊥)|
≤ 푒푐0푒휖 + 퐶푒3휖+푒휖푐0푐0 ⋅ 휘(휖), (13)
and | dΦ(푣)| ≥ | d휑2(푣⊤)| − | d휑2(푣⊥)|
≥ 푒−푐0푒휖√1 − 휘(휖) − 퐶푒3휖+푒휖푐0푐0 ⋅ 휘(휖)
> 0
(14)
as 휖 sufficient small. By (13-14), dΦ is isomorphic, and (5) holds along 푓1-horizontal
distribution.
Next, we estimate | dΦ(푢)| for any 푓1-horizontal unit vector 푢 ∈ 푓1(푥). Because
푓1 and 푓2 are 휖-Riemannian submersions, and
푒−휖 ≤ | d푓2◦ dΦ(푢)| = | d푓1(푢)| ≤ 푒휖,
we derive
푒−2휖 ≤ | dΦ(푢)⊥| ≤ 푒2휖 . (15)
By (1.2) in Lemma 1,
| dΦ(푢)⊤| ≤ 퐶(| d푓1(푢)| + | d푓2(푢)|)푒3휖+푒휖푐0푐0
≤ 2퐶푒4휖+푒휖푐0푐0. (16)
By (15-16), dΦ(푢) is almost 푓2-horizontal (depending on 푐0), and (5) also holds
along 푓1-horizontal distribution. Combing with the fact that dΦ(푓1 ) ⊂ 푓2 , we
conclude that (5) holds for any vector. 
The only difference between Theorem 4 and Proposition 2 lies in the curvature
condition on the base space. As the final step in proving Theorem 4, we apply the
smoothing technique in [7] via the Ricci flow [12] to reduce the proof of Theorem
4 to Proposition 2.
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Proof of Theorem 4.
Let 푓푖 ∶ (푀, 푔)→ (푁,ℎ) (푖 = 1, 2) be two 휖-Riemannian submersions in Theo-
rem 4. According to Theorem 1.1 in [7], there is 푇 (푛, 푟0) > 0 such that the solution
ℎ(푡) of Ricci flow
휕
휕푡
ℎ = −2Ric(ℎ), ℎ(0) = ℎ
exists in [0, 푇 (푛, 푟0)] such that the 퐶
0-norm
|ℎ(푡) − ℎ(0)|ℎ(0) ≤ 4푡, |Rm(ℎ(푡))|ℎ(푡) ≤ 퐶(푛, 푟0)푡−1∕2.
and inj. rad(푁, 푡−1∕2ℎ(푡)) ≥ 푟1(푛, 푟0). For any 0 < 휖 ≤ 푇 (푛, 푟0), let ℎ̄휖 = 휖−1ℎ(휖)
and 푔̄ = 휖−1푔. Then 푓푖 ∶ (푀, 푔̄) → (푁, ℎ̄휖) are [휖 − ln(1 − 4휖)]-Riemannian
submersions satisfying
|ℎ̄휖 − 휖−1ℎ|휖−1ℎ ≤ 4휖, | sec(푁, ℎ̄휖)| ≤ 휖1∕2퐶(푛, 푟0),
푑ℎ̄휖 (푓1, 푓2) ≤ 휖1∕2(1 + 4휖), inj. rad(푁, ℎ̄휖) ≥ 휖−1∕4푟1(푛, 푟0).
Because the closeness of vertical distributions 푓1 and 푓2 is rescaling invariant,
Proposition 1 still holds for 푔̄. Let Φ ∶ 푀 → 푀 be defined as (8) with respect
to ℎ̄. Then by Proposition 2, Φ is a diffeomorphism and the desired estimate on| dΦ| holds for the rescaled metric 푔̄. Because (5) is rescaling invariant, the proof
of Theorem 4 is complete. 
It is clear from the construction ofΦ in Theorem 4 that, if 푓1 and 푓2 are equivari-
ant under some isometric actions of a closed Lie group퐺 on푀 and푁 respectively,
then Φ is also 퐺-equivariant. That is, the equivariant version of Theorem 4 holds.
Moreover, after smoothing the base spaces via the same method ([7]) in the proof
of Theorem 4, Theorem 3 follows directly from the standard facts on equivariant
convergence (e.g., see [22]) and the equivariant version of Theorem 4. Here we
omit its detailed proof.
4. CLOSENESS OF THE VERTICAL DISTRIBUTIONS
The remaining of the paper is devoted to prove Proposition 1. In preparation we
lift 푔 and 푉푓푖(푥) (푖 = 1, 2) to the tangent space 푇푥푀 . Let exp푥 ∶ 푇푥푀 → 푀
be exponential map of (푀, 푔). Let 푔∗ = exp∗
푥
푔 be the pullback tensors on 푇푥푀 .
Because conj. rad(푀, 푔) ≥ 푟0, it is well known (e.g. see [31]) that the ball 푈 =
퐵 푟0
3
(표) ⊂ 푇푥푀 satisfies
inj. rad(푈, 푔∗) ≥ 2푟0
3
, ||Ric(푈, 푔∗)|| ≤ 1.
The lifting 휖-Riemannian submersions
푓̃푖 = 푓푖◦ exp푥 ∶ (푈, 푔
∗) → 푓̃푖(푈 ) ⊂ (푁,ℎ)
are 휖-close in the sense that 푑ℎ(푓̃1, 푓̃2) ≤ 휖, and the dihedral angle between vertical
subspaces of 푓̃푖 coincides with that of 푓푖.
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Proof of Proposition 1.
We argue by contradiction. Assume that there is 휃 > 0 such that for any 휖푗 >
0, there are 휖푗-Riemannian submersions 푓푖,푗 ∶ (푀푗 , 푔푗) → (푁푗 , ℎ푗) (푖 = 1, 2)
satisfying the assumptions of Theorem 4 such that dim푀푗 = 푚, dim푁푗 = 푛,
and the dihedral angle between the vertical subspaces of 푓푖,푗 (푥푗) of 푓푖,푗 at some
푥푗 ∈ 푀푗 is no less that 휃.
By the 퐶1,훼-convergence Theorem 1 (or by the arguments in the proof of Main
Lemma2.2 in [1]), the blow up sequence of the pointed tangent spaces (푈푗 , 표푗 , 휖
−2
푗
푔∗
푗
)
converges to the Euclidean space ℝ푚 in 퐶1,훼-topology,
(푈푗 , 표푗 , 휖
−2
푗
푔∗
푗
)
퐶1,훼
⟶ (ℝ푚, 표), 푗 →∞. (17)
Since after blow up, the map
푓̃푖,푗 ∶ (푈푗 , 표푗 , 휖
−2
푗
푔∗
푗
)→
(
푓̃푖,푗(푈푗), 푓푖,푗(푥푗), 휖
−2
푗
ℎ푗
)
are still 휖푗-Riemannian submersions, by Arzelà-Ascoli theorem and passing to a
subsequence, we may assume that 푓̃푖,푗 converges to a submetry 푓̃푖,∞ ∶ ℝ
푛×ℝ푚−푛 →
ℝ
푛 (푖 = 1, 2) (whose base points on ℝ푛 may be different). It is well known that any
submetry between Euclidean spaces is a canonical projections; e.g., see [13]. Since
after blow up
푑휖2
푗
ℎ푗
(푓̃1,푗 , 푓̃2,푗 ) ≤ 1,
the two limit projections satisfy
푑(푓̃1,∞, 푓̃2,∞) ≤ 1.
It follows that after a translation by 휉 ∈ ℝ푛 with |휉| ≤ 1,
푓̃2,∞ = 푓̃1,∞ + 휉. (18)
In particular, the fibers of 푓̃1,∞ are parallel to that of 푓̃2,∞.
Let (푥1,… , 푥푘,… , 푥푚) the Cartesian coordinates onℝ푚. By the퐶1,훼-convergence
(17), the pullback metrics from 푈푗 to a fixed large ball 퐵푅(표) ⊂ ℝ
푚, denoted by
푔∗
휖푗
, satisfy that
푔∗
휖푗
(휕푥푘, 휕푥푙)→ 훿푘푙, Γ
푠
푘푙
→ 0, as 푗 →∞, (19)
where Γ푠
푘푙
is the Christoffel symbols. In the following we identify 푈푗 as a subspace
of the limit space ℝ푚, and view the tangent space of 푓̃푖,푗-fiber passing through 표푗
as a subspace 푃푖,푗 ⊂ ℝ
푚 defined by
푃푖,푗 = {푡푣푖,푗 | 푡 ∈ ℝ, 푣푖,푗 ∈ 푓̃푖,푗 (표푗)} ∩ 푈푗 .
Claim 1. The tangent plane 푃푖,푗 of the 푓̃푖,푗-fiber converges to that of 푓̃푖,∞ as 푗 →∞.
Clearly, by the claim and (18), the dihedral angle between 푓푖,푗 goes to 0, a con-
tradiction to the choice of 푥. Therefore, what remains is to verify Claim 1.
Let 훼푖,푗 be any unit-speed geodesic in the submanifold 푓̃
−1
푖,푗
(푓̃푖,푗(표푗)) starting at
표푗 ∈ 푈푗 , and let 훽푖,푗(푡) = 푡훼
′
푖,푗
(0) be the line with respect to the Cartesian coordinates
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(푥1,… , 푥푘,… , 푥푚). By (4.2), the norm of the second fundamental form of 푓̃푖,푗-fiber|퐼퐼 푓̃푖,푗 | ≤ 푐0, which implies that 훼푖,푗 is a 푐0-almost geodesic, i.e.,|∇훼′
푖,푗
훼′
푖,푗
| ≤ 푐0. (20)
At the same time, by (19), the geodesic curvature of 훽푖,푗|∇훽′
푖,푗
훽′
푖,푗
|→ 0, 푗 →∞. (21)
By (19)-(21), we are able to apply Proposition 3 in the next section, and thus by
(23) the deviation of 훽푖,푗(푡) from 훼푖,푗 satisfies
푑(훽푖,푗 (푡), 훼푖,푗) ≤ 휘(푐0)푡 54 + 휘(휖푗 |푚)푡 32 .
Let 푗 → ∞, it follows that the distance from the limit line 훽푖,∞ of 훽푖,푗 to the limit
subplane 푓̃−1
푖,∞
(푓̃푖,∞(표)) of 푓̃
−1
푖,푗
(푓푖,푗(표푗)),
푑(훽푖,∞(푡), 푓̃
−1
1,∞
(푓̃푖,∞(표))) ≤ 휘(푐0)푡 54 . (22)
Because the order in (22) is higher than linear, 훽푖,∞must lie in the subplane 푓̃
−1
푖,∞
(푓̃푖,∞(표)).
Hence the pointed Hausdorff limit of 푃푖,푗 coincides with 푓̃
−1
푖,∞
(푓̃푖,∞(표)). Now the
proof of Claim 1 is complete. 
5. DEVIATION OF TWO CURVES BY THEIR GEODESIC CURVATURE
In the proof of Proposition 1 a uniform and explicit estimate on the deviation of
two curves that depends on their geodesic curvature plays a crucial role. Because
we cannot find a reference in literature and it is of some independent interest, we
present a proof that is due to Zuohai Jiang and the second author.
Proposition 3. Let 훼, 훽 be two unit-speed curves in a complete Riemannian 푚-
manifold (푀, 푔) such that 푝 = 훼(0) = 훽(0), 훼′(0) = 훽′(0) and the geodesic curva-
ture |∇훼′훼′| ≤ 훿1, |∇훽′훽′| ≤ 훿2.
If there is a local coordinates system {푈, (푥1⋯ , 푥푚)} around 푝 such that the metric
and the Christoffel symbols in 푈 satisfy
퐶−1퐼 ≤ (푔푖푗) ≤ 퐶퐼, |Γ푘푖푗| ≤ 휇 (푖, 푗, 푘 = 1,⋯ , 푚),
then the distance from 훼(푠) to the curve 훽,
푟(푠) = dist훽 ◦훼(푠) = min
푡
{푑(훼(푠), 훽(푡))}
satisfies
푟(푠) ≤ 휘(훿2)푠 54 + 휘(훿1, 휇 |퐶,푚)푠 32 , (23)
provided that, for any 0 ≤ 푠1 ≤ 푠, 푟(푠1) is realized by aminimal geodesic connecting
훼(푠1) and 훽 which lies in 푈 .
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Proof. Let us choose an orthonormal basis {푒푗}
푚
푗=1
in 푇푝푀 such that 푒1 = 훼
′(0).
Let 푒푗,훼(푠) (푗 = 1,⋯ , 푚) be the parallel vector fields along 훼 such that 푒푗,훼(0) = 푒푗 .
For 푥 ∈ 푀 , let ℎ(푥) = 1
2
dist2
훽
(푥). If ℎ is differentiable at 훼(푠), then
(ℎ◦훼)′(푠) = ⟨∇ℎ, 훼′⟩ = 푚∑
푗=1
⟨훼′, 푒푗,훼(푠)⟩⟨∇ℎ, 푒푗,훼 (푠)⟩
= ⟨훼′, 푒1,훼(푠)⟩⟨∇ℎ, 푒1,훼 (푠)⟩ + 푚∑
푗=2
⟨훼′, 푒푗,훼(푠)⟩⟨∇ℎ, 푒푗,훼 (푠)⟩ (24)
Note that for 푗 = 2,⋯ , 푚,
⟨훼′, 푒푗,훼(푠)⟩ = ⟨훼′(0), 푒푗,훼(0)⟩ + ∫
푠
0
⟨훼′, 푒푗,훼⟩′(푡)푑푡
= ⟨푒1, 푒푗⟩ + ∫
푠
0
⟨∇훼′훼′, 푒푗,훼⟩(푡)푑푡
≤ 훿1푠.
Therefore the last term in (24) satisfies
푚∑
푗=2
⟨훼′, 푒푗,훼(푠)⟩⟨∇ℎ, 푒푗,훼(푠)⟩ ≤ 훿1푠 ⎛⎜⎜⎝
푚∑
푗=2
|||⟨푟∇푟, 푒푗,훼(푠)⟩|||
⎞⎟⎟⎠
≤ (푚 − 1)훿1푠2.
(25)
We now estimate ⟨∇ℎ, 푒1,훼(푠)⟩ in the first term of (24). Because ℎ = 12 dist2훽 is
differentiable at 훼(푠), the unit-speed minimal geodesic 훾(푡) from 훽 to 훼(푠) whose
length realizes 푟(푠) is unique. Assume that 훾(0) = 훽(푠0) and 훾(푟(푠)) = 훼(푠). Let
푒̃1,훽(푠) be the parallel transport of 푒1 = 훽
′(0) along 훽(푠), and 푒̃1,훾 (푡) be the parallel
transport of 푒̃1,훽(푠0) along 훾 . Observe that
⟨∇ℎ, 푒1,훼(푠)⟩ = ⟨푟훾 ′(푟), 푒1,훼(푠) − 푒̃1,훾 (푟)⟩ + ⟨푟훾 ′(푟), 푒̃1,훾 (푟)⟩
≤ 푠 |||푒1,훼(푠) − 푒̃1,훾 (푟)||| + 푠
⟨
훾 ′(푟), 푒̃1,훾 (푟)
⟩
(26)
Since 훼(푠), 훽(푠) and 훾(푡) lie in 푈 , by Lemma 3 below, the holonomy of parallel
transport along the closed curve 훽 ∗ 훾 ∗ 훼−1 is small, i.e.,
|||푒1,훼(푠) − 푒̃1,훾 (푟)||| ≤√푚5퐶3휇 ⋅ 푠. (27)
For the term
⟨
훾 ′(푟), 푒̃1,훾 (푟)
⟩
in (26), notice that
||||
⟨
푒̃1,훽 (푠), 훽
′(푠)
⟩
− 1
|||| ≤ ∫
푠
0
||||
⟨
푒̃1,훽 ,∇훽′훽
′
⟩
(푡)
|||| 푑푡 ≤ 훿2푠,
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and
⟨
훽′(푠0), 훾
′(0)
⟩
= 0, we derive⟨
훾 ′(푡), 푒̃1,훾 (푡)
⟩
=
⟨
훾 ′(0), 푒̃1,훽 (푠0)
⟩
=
⟨
훾 ′(0), 푒̃1,훽 (푠0) − 훽
′(푠0)
⟩
≤√2훿2푠0.
(28)
By (27) and (28),
⟨∇ℎ, 푒1,훼(푠)⟩ ≤ √푚5퐶3휇푠2 + 2√훿2푠 32 (29)
Combing (24), (25) and (29), we have
(ℎ◦훼)′(푠) ≤ 2√훿2푠 32 + [(푚 − 1)훿1 +√푚5퐶3휇] 푠2 (30)
If ℎ is not differentiable at 훼(푠), then let us choose a unit-speed minimal geodesic
훾 from 훽(푠0) to 훼(푠)whose length realizes the distance 푟(푠), and consider the barrier
function from above ℎ̃ = 1
2
(dist훾(휖) +휖)
2. Then ℎ̃ is smooth at 훼(푠) and the right
derivative (ℎ◦훼)+(푠) ≤ (ℎ̃◦훼)′(푠). By constructing the same parallel vector fields
푒̃1,훽 and 푒̃1,훾 along 훽 and 훾 respectively, it follows from the same argument as the
above that (30) holds.
Because ℎ◦훼 is Lipschitz, by integrating (30)
ℎ◦훼(푠) ≤ 1
3
[√
푚5퐶3휇 + (푚 − 1)훿1
]
푠3 +
4
5
√
훿2푠
5
2

In the end of the paper we prove the elementary lemma about the holonomy of
parallel transport used in the proof of Proposition 3.
Lemma 3 (cf. [21]). Let 훼 ∶ [0, 푙] →푀 be a unit-speed piecewisely smooth closed
curve lying in a coordinates neighborhood {푈, (푥1,⋯ , 푥푚)}. If the Riemannian
metric 푔푖푗 = 푔(
휕
휕푥푖
,
휕
휕푥푗
) and the Christoffel symbols
퐶−1퐼 ≤ (푔푖푗) ≤ 퐶퐼, |Γ푘푖푗| ≤ 휇 (푖, 푗, 푘 = 1,⋯ , 푚),
then any unit parallel vector field 푣(푠) along 훼 satisfies
|푣(0) − 푣(푙)|2 ≤ 푚5퐶3휇2 ⋅ 푙2. (31)
Proof. Let us denote 훼(푠) = (푥1(푠),⋯ , 푥푚(푠)), and 푣(푠) =
∑
푖 푣
푖(푠)
휕
휕푥푖
. Then
∇훼′푣(푠) = 0 implies that
(푣푘)′(푠) = −
∑
푖푗
푣푖(푠)(푥푗)′(푠)Γ푘
푖푗
(푠). (푘 = 1,⋯ , 푚)
By integrating the above equation, we derive
|||푣푘(푙) − 푣푘(0)||| =
||||||
∑
푖푗
∫
푙
0
푣푖(푠)(푥푗 )′(푠)Γ푘
푖푗
(푠)푑푠
|||||| (32)
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≤∑
푖푗
∫
푙
0
|||푣푖(푠)(푥푗 )′(푠)Γ푘푖푗(푠)||| 푑푠
Since
(푣푖(푠))2 ≤ 퐶 ⋅ ||푣(푠)||2 = 퐶, ((푥푖)′(푠))2 ≤ 퐶 ⋅ |||훼′(푠)|||2 = 퐶
and |Γ푘
푖푗
| ≤ 휇 (푖, 푗, 푘 = 1,⋯ , 푚), it follows from (32) that
|||푣푘(푙) − 푣푘(0)||| ≤ 푚2퐶휇 ⋅ 푙 (푘 = 1,⋯ , 푚). (33)
Now (31) follows directly from (33) and (푔푖푗) ≤ 퐶퐼 . 
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